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Abstract

Binary non-antipodal completely regular codes are characterized. Using the result
on nonexistence of nontrivial binary perfect codes, it is concluded that there are no
unknown nontrivial non-antipodal completely regular binary codes with minimum
distance d > 3. The only such codes are halves and punctered halves of known
binary perfect codes. Thus, new such codes with covering radiuses p = 2,3,6 and
p = T are obtained. In particular, a half of the binary Golay [23,12,7]-code is a
new binary completely regular code with minimum distance d = 8 and covering
radius p = 7. The punctured half of the Golay code is a new completely regular
code with minimum distance d = 7 and covering radius p = 6. That new code with
d = 8 disproves the known conjecture of Neumaier, that the extended binary Golay
[24, 12, 8]-code is the only binary completely regular code with d > 8. Halves of
binary perfect codes with Hamming parameters also provide an infinite family of
new binary completely regular codes with d = 4 and p = 3. Puncturing of these

codes also provide an infinite family of binary completely regular codes with d = 3
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and p = 2. Some of these new codes are also new completely transitive codes. Of

course, all these new codes are new uniformly packed codes in the wide sense.

1 Introduction

Let F™ be the n-dimensional vector space over F' = GF(2). The Hamming
weight, wt(v), of a vector v € F" is the number of its nonzero coordinates.
The Hamming distance between two vectors v, u € F" is d(v,u) = wt(v + u).
A (binary) (n, N,d)-code C is a subset of F" where n is the length, d is the
minimum distance, and N = |C| is the cardinality of C. Given any vector

v € ", its distance to the code C' is
d(v,C) = r}zlelg{d(v,x)}
and the covering radius of the code C' is

p(C) = p = max{d(v,C)}

veln

Given two sets X, Y C F", define their minimum distance d(X,Y) = min{d(x,y) : x €
X, y € Y}. We write X + x instead of X + {x}. For a given vector x € F"
let X be the complementary vector, i.e. d(x,X) = n. For a given set X C F”
define the complementary set X = {X: x € X}. We write 1 (respectively 0)

for the all one (respectively, all zero) vector in F".
For a given code C' with covering radius p = p(C') define

CG) = {xelF": dx,C) =i}, i=1,2,...p.
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also was partially supported by Russian fund of fundamental researches (the number

of project 03 - 01 - 00098).



We assume that the code C always contains the zero vector 0, unless stated
otherwise. Let D = C + x be a shift of C. The weight wt(D) of D is the
minimum weight of the codewords of D. For an arbitrary shift D of weight
i = wt(D) denote by u(D) = (uo(D), p1(D), ..., (D)) its weight distribution
(u;(D) is the number of words of D of weight 7). So u(C) = (uo(C), ..., 1tn(C))
is the weight distribution of C. If this vector p(C) is the same for any shift
of C' by a codeword, then C'is distance invariant. Denote by C; (respectively,
D;, and C(i);) the subset of C' (respectively, of D and C(i)), formed by all
words of the weight j. In our terminology p;(D) = |D;].

A (n,N,d) code C' with minimum distance d = 2e + 1 we extend to (n +
1,N,d+ 1) code C*, adding one overall parity checking symbol to codewords
of C, and puncture to (n — 1, N,d — 1) code CV), deleting any one position of

codewords of C

Definition 1 A code C is a completely regular if, for all | > 0, every vector
x € C(l) has the same number ¢; of neighbors in C(l — 1) and the same
number by of neighbors in C(I+ 1). Also, define a; = n — b, — ¢; and note that

C():bp:().

Define by {by,...,b,—1;c1,...,¢c,} the intersection array of C' and by L the

intersection matriz of C:

Qo bo 0 0 cee 0
CcC1 ap bl tee 0 0
0 c 0 0
I —
0
0 0 by1
0 O --- --- Cp a,




For a binary code C' let Perm(C') be its permutation stabilizer group. For any
6 € Perm(C) and any shift D = C' + x of C' define the action of 6 to D as:
0(D) =C+ 0(x).

Definition 2 Let C' be a binary additive code with covering radius p. The code
C' is called completely transitive, if the set {C + x : x € F"} of all different

shifts of C is partitioned under action of Perm(C') exactly into p + 1 orbits.

Since two shifts in the same orbit should have the same weight distribution,

it is clear, that any completely transitive code is completely regular.

It has been conjectured for a long time that if C' is a completely regular code
and |C| > 2, then e < 3. Moreover, in [11] it is conjectured that the only
completely regular code C' with |C| > 2 and d > 8 is the extended binary
Golay [24,12, 8]-code with p = 4. As we know from [15,17] for p = e and [16]
(see also [14,8]) for p = e + 1, any such nontrivial unknown code should have
a covering radius p > e + 2. For the special case of completely regular codes,
for linear completely transitive codes [12], the problem of existence is solved:

we [2,3] proved that for e > 4 such nontrivial codes do not exist.

In this paper we give a complete characterization of binary nontrivial, non-
antipodal, completely regular codes with distance d > 3. The only such codes
are formed by halves of binary perfect codes. In particular, a half of the binary
Golay [23, 12, 7] code is a new non-antipodal completely regular [23, 11, 8] code

with covering radius p = 7 and intersection array
(23,22,21,20,3,2,1;1,2,3,20,21, 22, 23).

This result implies that the conjecture of Neumaier [11] is not valid. The
punctured half of the Golay code is a new non-antipodal completely regular

(22,11, 7] code with covering radius p = 6 and intersection array

(22,21,20,3,2,1;1,2,3,20,21,22).



Halves of binary perfect (n, N, 3) codes also give a new infinite family of com-
pletely regular codes with d = 4, p = 3 and intersection array (n,n—1,1;1,n—
1,n). The punctured halves of binary perfect (n, N,3) codes are uniformly
packed in the narrow sense [14], and therefore are completely regular with
d = 3, p = 3 and intersection array (n, 1;1,n). The same results are valid for
g-ary perfect codes, under certain conditions on original codes. In particular,
from the ternary Golay code we obtain new ternary completely regular code
with minimum distance 6, with covering radius 5 and with intersection array
(22,20,18,2,1;1,2,9,20,22). New completely regular codes are considered in
separate paper [4].

The present paper is organized as follows. In Section 2 we give some prelimi-
nary results concerning completely regular codes. In Section 3 we prove that
the covering set C(p) of non-antipodal completely regular binary code C'is its
shift by 1. This permits to us to lower and upper bound the covering radius of
non-antipodal completely regular codes. In Section 4 we prove that the only
non-antipodal completely regular codes are formed either by even (or odd)
codewords of any binary perfect codes, or the codes, obtained by puncturing

these codes.

2 Preliminary results

We give some definitions, and results which we will need later.

Definition 3 Let C be any binary code of length n and let p be its covering
radius. We say that such a code is uniformly packed in the wide sense, i.e.
in the sense of [1], if there exist rational numbers o, ..., o, such that for

any v € [F"
Zakfk(v) = 1, (1)
k=0

where fir(v) is the number of codewords at distance k from v. We say that



such a code is strongly uniformly packed, or uniformly packed in the sense of

[14], if p=e+1 and e = ey, where e = |(d —1)/2].

The support of v € F" | v = (vy,...,v,) is supp(v) = { £ | v, # 0 }. Say that

a vector v covers a vector z if supp(z) C supp(v).

Definition 4 A t-design T'(n,w,t,3) is a set of binary vectors of length n
and weight w such that for any binary vector z of weight t, 1 <t < w, there
are precisely 3 vectors v;, i = 1,....,3, of T(n,w,t,3) each of them covering

z. If B =1 the design T'(n,w,t,1) is a Steiner system S(n,w,t).

Definition 5 Say that a binary code C is even (respectively, odd) if all its

codewords have even (respectively, odd) weights.

The next fact follows from the definition of completely regular code.

Lemma 6 Let C' be a completely regular code with minimum distance d and
with zero codeword. Then any nonempty set C;, d < j < n, is a t-design,

wheret =e, ifd=2e+1 andt=e+1, ifd = 2e + 2.

Lemma 7 [11] If C is completely regular with covering radius p, then C(p)

15 also completely reqular, with reversed intersection array.

Definition 8 The code C' s called antipodal, if for any ¢ € C' the comple-

mentary vector ¢ = ¢+ 1 s also a codeword of C'.

It is clear that a distance invariant code C, containing 0, is antipodal if it

contains 1.

Lemma 9 Let C be any binary code. Then C and C(p) are antipodal or not

simultaneously.



PROOF. Let C be any binary code, and let C(p) be the corresponding cov-
ering set of C. Assume that C is antipodal. To see that C'(p) is antipodal we
take v € C(p) and prove that 1 + v € C(p). In order to do this we observe
that d(1 4+ v,C) = p, since

d1+v,C)=d(v,1+C)=d(v,C) =p.

The statement follows now since the antipodality of C'(p) implies the antipo-

dality of C' by reversing of C and C(p). O

3 On covering radius of non-antipodal binary completely regular

codes

The natural question is: does any completely regular code contain the vector

17

Theorem 10 Let C' be a completely regular code with covering radius p, with
minimum distance d > 3. If 0 € C, but 1 ¢ C, then 1 € C(p) and C +1 =
C(p). Furthermore

2e, if d=2e+1,

2 +1 if d=2e+?2.

PROOF. Let C' be a completely regular code and let 1 ¢ C. First we prove
that 1 € C(p). In contrary, assume that 1 ¢ C(p). Consider the subset C,, of
C' of the largest weight w and the subset C(p), of C(p) of the largest weight
v. As C' and C(p) do not contain 1, we have clearly: 1 <n —w < p—1 and

1<n—-v<p-—1.

Now we claim that



Indeed, C' is a completely regular code in the Hamming space F", which is a
metric association scheme [7]. In particular, this means that for any vector x

from F” there exist two vectors ¢ € C' and v € C(p) such that

d(c, x) + d(x,v) = p. (3)

Taking the vector 1 as x we immediately obtain (2), since we have that

d(1, Cy,) =n—w and d(1, C(p),) =n — v.

By Lemma 6, the set C,, is a t-design, say T (n,w, t, ;) witht = e, or t = e+1,
where e = | (d—1)/2]. By the condition of theorem d > 2 and, therefore, t > 1.
By definition, d(C, C(p)) = p. Hence, these sets C,, and C(p), are at distance
p at least from each other. Consider the complementary sets: S; = C,, with

vectors of weight w’ = n—w and Sy = C(p), with vectors of weight v/ = n—wv,

where 1 < w',v" < p— 1. From (2) we deduce that

w + v = p. (4)

But the set S; (which is complementary of C,,) is a t-design also [13], say
T(n,w',t, o) with t > 1. Taking any word z from S, we can always find x
from S} such that |supp(z) Nsupp(x)| > t. Taking into account this last fact,
we conclude that under the condition (4) these two sets S; and S, have the

minimum distance d(S;, S2) < p — 2. Thus, we obtain a contradiction and 1

should belong to C(p).

Now we claim that C' + 1 belongs to C'(p). This comes from the fact that C'
is completely regular, and, therefore, the distance distribution is the same for
all its codewords. And this distance distribution says that for any codeword
¢ € C the complementary vector ¢ belongs to C'(p). We conclude, therefore,
that C'+ 1 is a subset of C'(p). But C' + 1 is a shift of C' of weight p, and any
such shift has the same weight distribution. But there is only one vector 1 of

weight n. So, we can have only one such shift. This means that |C(p)| = |C|



and, therefore,

C+1 = Clp). (5)

This last property implies immediately limitations for the possible values of
p- Indeed, since 1 belongs to C(p) the set C,,_, is not empty as well as the set
C(p),, since (5). As C,_, is a t-design (Lemma 6) the set C'(p), is a t-design
too [13], say Ta(n, p,t, 52). By (5) we deduce that C(p), is a constant weight
code with minimum distance d(73) > 2e + 2. If d = 2e + 1, we have t = ¢
(Lemma 6). This implies that p > 2e if fo = 1 and p > 2e + 1 if Gy > 1. If
d = 2e + 2, we have t = e + 1 (Lemma 6). This implies that p > 2e + 1 if
Go=1land p>2e+2if fo>1. O

Lemma 11 Let C' and its (even or odd) extension C* be completely regular
codes of lengths n and n+ 1 and with covering radii p and p + 1, respectively.

Then C' and C* are antipodal or not simultaneously.

PROOF. Let 1 € C'. Assume, in contrary that 1 ¢ C*. Then by Theorem 10,
1 € C*(p+1), and, therefore, 1 € C(p), i.e. a contradiction. If C* is antipodal,

then clearly C'is antipodal too. O

The next two theorems upper bound the covering radius of any non-antipodal

nontrivial completely regular binary code.

Theorem 12 Let C' be a nontrivial non-antipodal completely regular code with
covering radius p, with minimum distance d = 2e +1 > 3 and with zero word.

Then p = 2e.

PROOF. From Theorem 10 we have that p > 2e. Assume that p > 2e + 1.
By Lemma 6 the set Cy is a e-design, say Ty(n,2e+1,e, \g) and the set C'(p),
(since it is a complementary [13] of C,_, which is also a e-design by Lemma

6) is an e-design too, say T,(n, p, e, A,).



Let J denote the coordinate set of C', i.e. J ={1,2,...,n}. For a given vector
x of weight e define the following subsets of J: J, = supp(x), Jél) is the union
of supp(c) \ supp(x) of all codewords ¢ from Cy, covering x, and J /gl) is the
union of supp(v) \ supp(x) of all words v from C(p),, covering x. We note
that Jc(ll) and J[()l) are disjoint, since any two words ¢ € Cy and v € C(p), can

not have more than e common nonzero positions, i.e.

supp(c) Nsupp(v) < e. (6)

Now we claim that

J = J U YIw. (7)
Indeed, it comes from the fact that C' is completely regular, and any vector z
of weight e + 1 covering x should be covered either by some codeword ¢ from
Cy, or by some vector v from C(p),. If it is not covered by any codeword from
Cy, then z is at distance e + 1 from C'. Therefore, it should be at distance
p—(e+1) from C(p). This means that there is a vector v € C(p), covering z.
If we assume that z is covered by some possible vector u € C(p),41, we will

have d(z,u) = d(z,C(p)) = p — e, i.e. a contradiction with d(z,C) = e + 1.

Thus, any vector x of weight e induces a partition of the coordinate set J into
three disjoint subsets J, Jél) and Jél). Since Cy is Ty(n, d, e, \y), for any such

vector x of weight e we have
5] = e+ DA (8)

Remark that we can not write such kind of expression for J ,§1>, since we do

not know the value of p and the minimum distance of C(p),,.

Having these two equalities (7) and (8), it is easy to write out the intersection

numbers (a., b, c¢.) for any such vector x of weight e:
co=e, a.=|J;"| = (e + Da, b =] (9)

10



Now we write out the numbers (a,_, b,_., ¢,—) Which according to Lemma 7,
should be reversed of (a, b, c.). For a given fixed v* € C(p), of weight p let

y be any vector of weight p — e which is covered by v*. We have
2
Cre=p—t a,c=]J) bp-e =€+ |JP). (10)

Here the set Jc(lg) is the union of supp(c) \ supp(y) of all vectors ¢ from Cy,

having e nonzero positions in supp(y). The set J g2> is the rest of J:
J;Q) =J \(Supp(V*)UJf)).
Now by Lemma 7 we have that a. = a,—. and b. = c¢,_.. Taking into account
(9) and (10), we obtain
te =TV = ape = |17] = (e + D)Aa. (11)

and |J(V] = p — e. From the last equality we deduce that C(p), (which is
T,(n,p,e,N,)) is a Steiner system S(n, p, e). This implies that

n—e-+1

= s 12
p— s (12)

is integer (since S(n, p, e) is also (e—1)-design T'(n, p,e—1, Ag)). Furthermore,
existence of S(n, p,e) for e > 1 implies existence of S(n —e+2,p — e+ 2,2)

for which the Fisher inequality (see, for example, [9]) states that
|ISn—e+2,p—e+2,2)| >n—e+2.
This can be written as: for e > 1

n>(p—e+1)*+p. (13)

Using (7) and (8), we obtain that (n — p)/(e + 1) is integer:

n—p
Ay = . 14
1= (14)

11



Now we want to upper bound p. For the case e > 1 we fix any v* € C(p),, take
any x € " of weight e — 1, which is covered by v*, and define the following
partitions of the set J \ supp(v*). The partition Si,Ss,..., Sxg—1 is formed
by supp(v) \ supp(x) of Ag — 1 vectors v # v* from C(p),, which covers x
(see (12)) and (p — e + 1) partitions Ly(7), L2(4), ..., Ly, (i) (see (14)), where
i € supp(v*) \ supp(x), formed by supp(b(7)) \ supp(x) of Ay vectors b(i) € Cy
covering the set {7} Usupp(x), which is a subset of supp(v*).

For e = 1 the Steiner system S(n, p, 1) consists of Ag = n/p disjoint blocks.
Hence we fix one of its blocks v*. Similarly, since ¢ € supp(v*), we obtain p

different partitions Ly (i), La(i), ..., Ly, (i), defined by i only.

By constructions we have the following properties of these partitions:

(P.1) The partition S, Sy, ..., S\g and the partition Ly (7), La(7), ..., L, (7) for

S

any i € supp(v*) \ supp(x) are disjoint, i.e. for all r, k,i,7,s, r#k, j#s:

Sy ()Sk =0, and L;(i)() Ls(i) = 0.

(P.2) For any r, k,i,7,s, i # j, we have that

S0 (Y Le(i)] < 1, and |Ly (i) () Ls(j)] < 1.

(P.3) For any vector z of weight two with supp(z) € J \ supp(v*) there is the

set, either S, or Ly(i), containing supp(z).

The property (P.1) we have by definition of partitions. The first inequality
of (P.2) follows from (6) and the second follows, since any two words of Cy
have not more than e common nonzero positions. Now (P.3) follows from the
fact (which we already mentioned) that any vector y of weight e + 1 covering

x should be covered either by some vector from Cy, or by some vector from

Clp), (see (7).

12



Now count by the two different ways the number of all vectors z of weight two
with supp(z) € J \ supp(v*). By (P.3) this number is equal to

(p—e—i—l)(e—;l)/\d + (’)_§+1><AS—1).

By definition this number is equal to

n—p
5 )
Using (12) and (14), we deduce from the equality of these two numbers that

n = (e+1)(p—e+1)+np. (15)

Now, for the case e > 1, from (13) and (15) we obtain that p < 2e, which

combining with Theorem 10 implies that p = 2e.
For the case e = 1 this expression (15) reduces to the following one:
n = 3p, (16)

or Ay = p, if we take into account (14). Since we do not have (13) for e = 1,
this is not enough in order to upper bound p properly. To do it we extend the

sets C(p)p+1 and C(p)ps1.

Let x be any vector of weight e, and let z be a vector of weight e + 1 covering
x. Assume that z has one nonzero position on Jél), i.e. z is covered by some
codeword from Cy. Denote by £, the number of vectors from C(p),+1 which
cover z. Since d(z,C) = e, there exist some vector u from C(p),+1, which
covers z, implying that d(z, C(p)) = p — e how it should be. But d(x,C(p)) =
p — e also, and there is exactly one v covering x. We conclude that there is
exactly one u from C(p),4+1 covering z. Thus, any vector z € F" of weight
e+ 1 is covered by exactly one vector from C(p),+1 and any vector x € F" of
weight e is covered by exactly one vector from C(p),. We deduce that adding

one position with 0 to all vectors from C'(p),4+1 and one position with 1 to all

13



vectors from C(p), we get, respectively, C*(p),+1 and C*(p), and the union
C*(p)p+1 U C*(p), results in a Steiner system S(n+1,p+1,e + 1).

Now we apply the Fisher inequality to this Steiner system, which is a 2-design
fore=1, i.e.

IS(n+1,p+1,2)] > (n+1).

This reduces to the inequality
n > (p+1)p.

Combining with (16) we deduce that p < 2 and from Theorem 10, for the case

e = 1, we obtain p = 2. The theorem is proved. O 0O

Now we consider non-antipodal codes with even distance.

Theorem 13 Let C' be a nontrivial non-antipodal completely reqular code with
covering radius p, with minimum distance d > 4 and with zero word. If d =
2¢+2 > 4, then p = 2e+ 1. Furthermore, C(p), is a Steiner system
S(n,2e+1,e+1).

PROOF. Assume in contrary that p > 2e 4+ 2. From Theorem 10 we have
that p > 2e + 1. Note that Cy is (e 4+ 1)-design, say Ty(n,d,e + 1, \y), and
also C(p), is Ty(n, p,e + 1, A,). Compute the intersection numbers (a;, b;, c;)
fori=e+1andfori=p—e—1.

For a fixed vector x of weight e+ 1 denote Jx = supp(x). Define three subsets
of J\ Jx. The set Jél) is formed by the supports of Ay codewords ¢ from Cj
covering x, the set J g” is formed by the supports of A, vectors v from C(p),

covering x, and the set Jﬁl:

T =\ (RUIUID).

14



Since any ¢ € Cyq and v € C(p), can have not more than e+1 common nonzero

positions, i.e.
supp(c) (|supp(v) < e+1, (17)

we conclude that Jél) and Jél) are disjoint. Therefore, J is partitioned into
four disjoint subsets J, Jél), J ,SU and Jc(ll+)l‘ Denote such a partition by P(x),
since it is uniquely defined by x. Now we claim that J(gi)l is formed by all
Ag+1 codewords from Cyyq covering x. First, note that any such b € Cyyq (if
it exists), which covers x, does not have any nonzero positions on Jc(ll) and
Jél) (indeed, C'is a code with d = 2e 4+ 2 and p > 2e + 2). To see that any
element of Jé}r)l is contained in some b € Cy, 1, assume that it is not the case.
Let a vector y of weight e + 2 cover x and be not covered by any word from
Jc(ll), Jlgl) or chi)l. This means that y is at distance e 4+ 2 from zero word, Cy,
and Cyyo (if it is nonempty), at distance e + 3 from Cyyq, at distance p — e
from C(p),, and at distance p —e — 1 from C(p),41 (if it is nonempty also).
Hence, y has distance e+ 2 from C and distance p —e — 1 from C(p), which is
impossible. The only possibility is that y is covered by some word from Cyy;.

We conclude also that Cyi 1 and C(p),+1 are empty or not simultaneously.

Since Cy is an (e + 1)-design, we know the cardinality of J". Indeed, the Ay
codewords ¢ from C,, which cover x, have disjoint supports on chl). Taking

into account that the sets Jél), J ,§1> and Jé}r)l are disjoint, we conclude that

TP = (e + D (18)

Using this partition P(x), we have for the case i = e + 1:

i1 = [JP ] b = [T, con = e+ 14+ [0 = e+ DA +1). (19)

Now we fix any v* € C(p), and any y € F" of weight p—e—1 which is covered
by v*. We define on J \ supp(v*) three sets J*, J?, and J(gi)l. The set J”

15



is formed by all vectors ¢ from Cy such that

supp(c) ()supp(y)| = (e + 1). (20)

The set J$?) is formed by supp(v) of words v from C(p), such that

[supp(v) ()supp(y)| = p—e—1. (21)

The set Jéi)l is the rest of J \ supp(v*):

I = I\ (supp(v) U J U J?).

The sets Jéz) and J 52) are disjoint. Indeed, if we assume that there is an element
1 € J such that

ie P NP,
then we obtain two vectors ¢ € Cyq and v € C(p),, with e+2 common nonzero

positions, which is impossible. Denote such a partition by P(v*,y).
Having these sets, we have for the case i = p — (e + 1):
tpe1 = IEN] bper = e+ 14 |IP], cpen=p—e—1+J7 (22)

By Lemma 7 we should have acy1 = ap—c—1, beg1 = Cp—e—1 and cey1 = bp_c_1,

which means (using (19) and (22)), that

1 2 1 2
[T = VIELL 101 = 172, and |70 +p—e—1 = [J]. (23)
Denote (4 = |Jc(ll)] and ¢, = [J(V]. ;From (18) we have that {4 = Ag(e+1).
Denote by W (x) the sphere of radius one with center at x. For z € W (x)
with position i € supp(z) denote by £;(i) (respectively, by &,(i)) the number
of vectors from Cy (respectively, from C(p),) covering z. From (18) we deduce

that £4(i) = 1 for any i € Jél)

Our first step is to obtain the exact expressions for \,, £,(7), and ¢,. In all

lemmas below the conditions of Theorem 13 are satisfied and p > 2e + 2.

16



Lemma 14 We have that

Ap:<p_€_1>~/\d. (24)

e+1

and for any i € J,§1>

§p(i)—§p—T'Ap— <p_€_2>')\d- (25>

p

PROOF. The partition P(v*,y) becomes P(v* +y) if we shift it by the
vector v*. Under this shift the roles of C' and C(p) interchange (indeed, C' is
the shift of C(p)). The vectors with supports on JSQ) U supp(y) will be the
vectors from J ,§1>. The vectors c; from Jc(f) Usupp(y) corresponds to the vectors
u; of weight p —e —1 on Jﬁ(,l). They are exactly the vectors c;, having e + 1

nonzero positions on supp(y). But the number of such vectors is equal to

_(p—e—1 ‘
b ()

Indeed, for any choice of e + 1 positions from p — e — 1, there are exactly Ay
different vectors c¢; from Cy, with these fixed e 4+ 1 positions on supp(y) and

the rest e + 1 positions on Jf). This gives the expression (24) for \A,.

By the arguments above the number &,(i) does not depend on i € supp(y) for
chosen y. To find this number, we fix one position on supp(y) and choose the
other e positions from the rest p — e — 2 positions by all possible ways:

&oli) = (p_€_2> - Ad-

(&

It is clear, that we will have the same expression for £,(7), if we choose as v* any
other vector v from C(p),, covering x. Thus, £,(7) is the same (i.e. £,(i) = &,)
for all ¢ from J /El). Counting by two different ways the all number of nonzero
positions of vectors v € C(p),, covering x, we obtain that {,{, = (p—e—1)\,,

which gives (25). O
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Lemma 15 We have that
(26)

and

0, > li+p—e—1. (27)

PROOF. Returning to the proof of the previous lemma, we have that

=+ (p—e—1).

Now the expression for ¢, follows, if we take into account expressions for A,

and £, from the lemma above.

To prove the inequality we deduce from (23) that ¢, = |J{V| = 12|+ p—e—1.
The bound follows now from simple observation that |JC(12)\ > |J(§1)\ = {4
(indeed, in partition P(v*,y) for any e + 1 fixed nonzero positions of y, we

should have exactly A4 disjoint vectors of weight e + 1 on Jf) ). O

Now we have to consider the cases p = 2e + 2 and p > 2e + 3 separately. We
start from the case p > 2e + 3. In partition P(v*,y) let z, € W(y*), i = 1,2.
Denote by &; (respectively, by &) the number of words from C' which are at
distance p — e — 2 from z; (respectively, from zy), where z; is covered by y

(respectively, zy has one nonzero position on thz)).

Lemma 16 Let p > 2e + 3. Then

a2z (70070 )
and
§o > crl (29)



PROOF. Since wt(z;) = p —e — 2, it is at distance p — e — 2 from zero
codeword. Now, for any choice of e+ 1 positions in supp(z ), there are exactly
Aq codewords from Cy at the distance p — e — 2. There might be also some
codewords from Cy, 5 at the same distance from z;, which we can not evaluate.

Hence, we conclude that &; is not less than the expression (28) of the lemma.

Similarly, for the number &,, for any p —e — 1 nonzero positions of y, there are
exactly A\; codewords from Cj; where each has exactly e + 1 nonzero positions
on Jf). We can lower bound the number &, taking average contribution of
these codewords from Cj to one position of Jf). This gives the following lower

bound (again we do not know the number of possible codewords from Cy,2):

§ = Aa- (p;j;l) -;z;)l‘.
But by (23)
I+ p—e—1 = |,
Recalling that |Jp(1)| = {,, we obtain from these two expressions above the

second inequality of the lemma. 0O

Now we return to the proof of Theorem 13 for the case p > 2e 4 3. Consider
the partition P(x). Let z3 € W (x) contain one nonzero position on .J, p(l). Then
we know that there are exactly £, vectors from C(p), at distance p—e—2 from
z3, and there are no any vectors from C(p) at this distance (see Lemma 14).
But C is completely regular code and, since C(p) is a shift of C' (Theorem 10),
all these numbers §,, &, and & should be equal. This implies the following

inequality:

p—e—2 (e+1)A,
A - 1, —— % ) < ¢
max<d ( e+ 1 >+ L—pre+l) & (30)

Consider the first inequality



which is equivalent to the following one:

p—e—2
Ad( el ) < gp'

Taking into account (25), the last inequality is reduced to the following one:

(p—e—1)

l, < . 31
P p— % — 92 ( )
The second inequality
(e + 1)>\P S 5/)
ly—p+e+1
implies that
(p—e—1)
b, > —no-— 32
p = p— 2¢ — 92 ( )

Comparing (31) and (32), we obtain a contradiction. We conclude that for the
case p > 2e + 3 there is no such code C, which satisfies to the conditions of

the theorem.

Now we continue the proof of theorem for the case p = 2e 4+ 2. Consider the
intersection numbers a;, b;, ¢; of C for i = p/2 = e + 1. As we mentioned

already, by Lemma 7 the intersection numbers a,_;, b,—;, ¢(,—; are reversed of

p—1
a;, bi,Ci, 1.c.
bi = Cp—i and C; = bp_z'.

For the case p = 2e+ 2 and ¢ = e+ 1 all these numbers should be equal, since

C(p) = C' + 1 by Theorem 10, i.e. we should have

be—i—l = Cet1-

Using (19), we deduce that ¢, = ¢4+ e + 1. But for the case p = 2e + 2, the
expression (26) gives {, = e+1, i.e. we obtain that ¢; = 0, which is impossible,
since Jc(ll) is nonempty. Thus, we obtain a contradiction. Therefore, such code
C with p = 2e + 2 can not exist for any e > 1. This means, that if such code
exists it should have p < 2e + 1.
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Now combining this with Theorem 10, we conclude that p = 2e + 1. Hence
C(p), is a (e + 1)-design T'(n,2e + 1,e + 1, ,) and a constant weight code
with minimum distance 2e + 2, which is possible if and only if A, = 1. Thus,

C(p), is a Steiner system S(n,2e + 1,e+ 1). The theorem is proved. O

4 On non-antipodal completely regular codes and binary perfect

codes

The next two statements give a characterization of all nontrivial binary non-

antipodal completely regular codes with odd or even minimum distance d.

Theorem 17 Let C' be a nontrivial (i.e. |C| > 2) completely regular code
with parameters n, d =2e+1 >3, and p. If 0 € C and 1 € C, then C is a

punctured half of perfect code C' and
C' = C*"uUCp),

where C* is obtained from C by extension with even parity checking, C*(p)
is the covering set of C*, and C’ is a binary perfect code with parameters

n=n+1,d=2e+1 and p =e.

PROOF. Let C* obtained from C by even parity checking, i.e. it is a code
with d = 2e + 2. From Theorem 12 we have that p = 2e. Denote by C*(p)
the covering set of C*, obtained from C(p) by odd parity checking. Then C*
has covering radius p* = p 4+ 1 = 2e + 1. It is easy to see also that C*(p)
is a shift of C* by 1. Define a new code C’ as a union of C* and C*(p). By
definition of covering set the code C” has minimum distance d’ = p* = 2e + 1.
Now we have to show only that this new code has the covering radius p’ = e.
The lower bound p/ > e is trivial. To see that p/ < e, recall the proof of

Theorem 12. As we proved there the union C*(p),+1UC*(p), form the Steiner
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system S(n + 1,2e + 1,e + 1). This means that any vector z of weight e + 1
is covered by exactly one vector from S(n + 1,2e + 1,e + 1), or by C*(p),+1.
This implies that p’ <e. Thus p' =e. O

Theorem 18 Let C be a nontrivial (i.e. |C| > 2) completely reqular code with
parametersn, d =2e+2 >4, and p. If0 € C and 1 & C, then C is a half of
perfect code, and C’,

" = CUC(p),

i.e. a union of C' and its covering set C(p), is a binary perfect code with

parametersn’ =n, d =2e+ 1, and p' = e where e = [(d — 1)/2].

PROOF. By Theorem 13 we have that p = 2e + 1. Define a new code C’
(with minimum distance d’ and covering radius p’), taking a union of C' and

C(p). Since C(p) is a shift of C, we deduce that d' = p = 2e + 1.

We claim that C" is a perfect code. To have it we have to show that p' = e.
First, it is clear that p’ > e (indeed, p = 2e+1 and C and C(p) are codes with
minimum distance 2e 4 2). To see that p’ < e, recall the proof of Theorem 13.
In terms of partition P(x), induced by any vector x of weight e + 1, the
inequality p’ < e is the same as existence of some v € C(p), covering x. But
this follows from the fact that C(p), is a (e + 1)-design. Thus, C" is a perfect

code, and C'is a half of a perfect code. O

The following example shows that for trivial completely regular codes with

|C| =1 this last theorem is not valid.

Example 19 Consider a trivial code C, consisting of one vector in F", which
is completely regular non-antipodal code with p =n. Let C' = {(0,0,...,0)} for

n multiple of 4. The intersection array of L looks as follows:

a; =0, b;=n—1i,¢=1, 1=0,1,...,n.
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By Theorem 10 above the set C(p) is the complementary vector 1 = (1,1,...,1).
The middle row for i = n/2 is symmetric byjo = cpj2 = n/2. as it should
be, since to this code we can add the complementary vector (1,1,...,1) and
to obtain a completely reqular code again with two codewords and with even
covering radius p' = n/2 (but not perfect code with odd covering radius, how

we have in Theorem 17).

Now we have the following natural question: which half of a perfect code C'
is a code C'? Since 0 does belong to C, it is quite natural to suggest that it
is an even subcode of C’. The next statement answer this question for known
binary perfect codes, i.e. for codes with Hamming parameters and for the
binary Golay code (since these are the only nontrivial binary perfect codes

[15], [17]).

Theorem 20 Let C' be a nontrivial (i.e. |C| > 2) completely reqular binary
code with parameters n, d = 2e + 2 > 4, and p. Assume that 0 € C, and
1 <& C. Then p=2e+1 and C is the even half part of a perfect code C" with

minimum distance d(C") = 2e + 1.

PROOF. By Theorem 17 code C' is a half of a e-perfect code C’ and the
minimum distance of C' is d = 2e+ 2. First consider 1-perfect codes (i.e. codes
with d = 3. Let (uo, ft1,- - -, ttn) be the weight distribution of 1-perfect code
C" with zero codeword. It is well known that p; # 0 for all region from 0 to
n, except ¢ = 1,2,n — 1,n — 2. The following two properties follow from the
definition of a perfect binary code. For any neighbor sets C; and Cj,, where
1=3,4,...,n—4

(Q.1) for any c € C; there are codewords from Cj,, at distance 3 from c;

(Q.2) for any c € C},, there are codewords from C at distance 3 from c.
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It is clear, that the even half of C” is the code C' with cardinality |C| = |C'|/2
and with minimum distance 4, as well as, the rest part C” = C’ \ C, which is
a shift of C'. Now we want to prove that it is the only possibility. Since 0 € C,
we deduce that C' can not contain any word from Cf5. Hence we choose for C
all words from Cj. If not, the words which are not chosen will have distance
3 from C' (property (Q.2)). But now, since C' contains all words from C, we
can not choose any word from C% (property (Q.2)). Continuing in this way we

obtain that C contains of all codewords of C” of even weight.

For the Golay [23,12, 7]-code C' the proof is similar. O

Thus, after Theorems 12, 13 and 20, any nontrivial non-antipodal completely
regular code with d > 3 is a half of a perfect code, or is a punctured half of it.
But the only nontrivial binary perfect codes are the binary Golay [23,12,7]
code and (n = 2™ —1, N = 2"7™ 3) codes with parameters of Hamming codes

[15], [17]. We have, therefore, from the results above the following result.

Theorem 21 Let C' be a nontrivial (i.e. |C| > 2) non-antipodal completely
reqular binary code with parameters n, d > 3 and p. Then there are exactly
four cases:

If d =2e+ 2, then:

1). C is a half of binary perfect Golay code and n =23, d=8 and p=1T.

2). C is a half of binary perfect code with Hamming parameters, i. e. n =
2m —1,d=4, p=3, where m = 3,4, ....

If d =2e+1, then:

3). C is a punctured half of binary perfect Golay code and n =22, d =7 and
p=6.

4). C is a punctured half of binary perfect code with Hamming parameters, i.

ee.n=2"—=2,d=3, p=2, where m = 3,4, ....
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PROOF. Let C be a non-antipodal completely regular code with minimum
distance d. If d = 2e + 1, then by Theorem 12 we deduce that p = 2¢, and
by Theorem 17, we obtain that C* is a punctured half of a perfect code. In
particular, by Theorem 20, we see that the code C* (obtained by extension of
(') with zero word is the even part of perfect code. This means that original
code C' is either the shortened half of the Golay [23,12,7] code, i.e. the case
3), or the punctured halves of the perfect codes with Hamming parameters,

i.e. the case 4), found in [14].

If C' has d = 2e+2, by Theorem 13 we deduce that p = 2e+1, and by Theorem
18, we obtain that C* is a half of perfect code. In this case we obtain, either
a half of Golay code, i.e. the case 1), or halves of binary perfect codes with

Hamming parameters, i.e. the case 2). O

Now taking halves and punctured halves of known binary perfect codes, we
obtain new completely regular, completely transitive, and uniformly packed

in the sense of [1].

Corollary 22 [4] Let G’ be a binary perfect Golay [23,12,7]-code. Denote by
G its subcode, formed by all codewords of even (respectively, odd) weight. Then:

(i) G is a completely reqular (23,2 8)-code with p = 7 and intersection array
(23,22,21,20,3,2,1; 1,2, 3,20, 21,22, 23).

(i1) G is a completely transitive code.
(1ii) G is a uniformly packed code in the sense of [1] with parameters a;,

i=0,1,..,7:

_ _ 1 _ 3 179
ap = 1, a1 =33 Q2= 717, 3= 7793
29 a7 _ 1 _ 1
Q4 = 5797, X = 731230 Y6 = 7a10 A7 = 1103

Corollary 23 [4] Let G’ be a binary perfect Golay [23,12,7]-code. Denote by
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G its subcode, formed by all codewords of even (respectively, odd) weight and
by G the code, obtained by puncturing one position of G. Then:

(1) GY is a completely regular (22,2',7)-code with p = 6 and intersection
array

(22,21,20,3,2,1;1,2,3,20,21, 22).

(ii) G is a completely transitive code.
(iii) G is a uniformly packed code in the sense of [1] with parameters a,
i=0,1,..6:

_ _ _ 3
ap =1, o1 = Q2 = 17,

29

1
a3 = Q4 = 577, 5 = &6 = 743

We remark that the code G is also uniformly packed of order 3 in the sense

of [8].

Corollary 24 [4] Let H' be a binary 1-perfect code of lengthm = 2™ —1> 7.
Denote by H its even (respectively, odd) subcode. Then:

(1) H is completely reqular with covering radius p = 3 and with intersection
array (n,n —1,1;1,n — 1,n).

(1) H is uniformly packed in the wide sense, i.e. in the sense of [1] with

parameters o

] 2 6
aon = o = — Qo = g = ——.,
0 ) 1 n7 2 n—l’ 3 n(n—l)

(v31) If H' is completely transitive, then H is completely transitive also.

Corollary 25 [1/] Let H' be a binary 1-perfect code of lengthn =2m—1 > 7.
Denote by H its even (respectively, odd) subcode and by HY) the code, obtained
by puncturing one position of H. Then:

(1) HY is completely reqular with covering radius p = 2 and with intersection

array (n —1,1;1,n — 1).
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(41) HY is uniformly packed in the narrow sense, i.e. in the sense of [14] with

parameters ag =1 and oy = as = 2/(n — 1).

References

[9]

L.A. Bassalygo, G.V. Zaitsev & V.A. Zinoviev, “Uniformly packed codes,”

Problems Inform. Transmiss., vol. 10, no. 1, pp. 9-14, 1974.

J. Borges, & J. Rifa, ”On the Nonexistence of Completely Transitive Codes”,
IEEE Trans. on Information Theory, vol. 46, no. 1, pp. 279-280, 2000.

J. Borges, J. Rifa & V.A. Zinoviev ”"Nonexistence of Completely Transitive
Codes with Error-Correcting Capability e > 37, IEEE Trans. on Information
Theory, vol. 47, no. 4, pp. 1619-1621, 2001.

J. Borges, J. Rifa & V.A. Zinoviev,” New completely regular and completely
transitive binary codes”, IEEE Trans. on Information Theory, 2005, submitted.

A.E. Brouwer, ”A note on completely regular codes”, Discrete Mathematics,

vol. 83, pp. 115-117, 1990.

A E. Brouwer, A.M. Cohen & A. Neumaier, Distance-Regular Graphs, Springer,
Berlin, 1989.

P. Delsarte, “An algebraic approach to the association schemes of coding

theory,” Philips Research Reports Supplements, vol. 10, 1973.

J.M. Goethals & H.C.A. Van Tilborg, “Uniformly packed codes,” Philips Res.,
vol. 30, pp. 9-36, 1975.

M.,Jr. Hall, Combinatorial Theory, 2nd ed. New York: Wiley, 1986.

[10] S.P. Lloyd, “Binary block coding,” Bell System Techn. J., vol. 36, no. 2, pp.

517-535, 1957.

27



[11] A. Neumaier, ”Completely regular codes,” Discrete Maths., vol. 106/107, pp.
335-360, 1992.

[12] P. Solé, ”Completely Regular Codes and Completely Transitive Codes,”
Discrete Maths., vol. 81, pp. 193-201, 1990.

[13] N.V. Semakov & V.A. Zinoviev, ”Constant weight codes and tactical

configurations”, Problems Inform. Transmiss., vol. 5, no. 3, pp. 29-39, 1969.

[14] N.V. Semakov, V.A. Zinoviev & G.V. Zaitsev, ”Uniformly packed codes,”

Problems Inform. Transmiss., vol. 7, no. 1, pp. 38-50, 1971.

[15] A. Tietévainen, ”On the non-existence of perfect codes over finite fields,” STAM
J. Appl. Math., vol. 24, pp. 88-96, 1973.

[16] H.C.A. Van Tilborg, Uniformly packed codes. Ph.D. Eindhoven Univ. of Tech.,
1976.

[17] V.A. Zinoviev & V.K. Leontiev, “The nonexistence of perfect codes over Galois

fields,” Problems of Control and Information Th., vol. 2, no. 2, pp. 16-24, 1973.

28



